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Abstract 

We present a unified description of zitterbewegung-like plienomena for electron and 
hole systems showing Rashba spin splitting as well as for electrons in single-layer and 
bilayer graphene. The former class of systems can be interpreted as "nonrelativistic" 
whereas the latter are often called "ultrarelativistic" so that our unified description 
indicates an interesting connection between these two opposite limits. 
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Zitterbewegung (German for trembling motion) is a highly oscillatory com- 
ponent in the orbital motion of free Dirac particles [l| which is commonly 
considered to be a quirk of the very successful Dirac theory of relativistic elec- 
tron dynamics. Its physical significance has been discussed controversially over 
the years. Suggestions [2)] for a possibly observable zitterbewegung-like dynam- 
ics of band electrons in solids have lifted this discussion onto a new level. The 
Rashba model studied in Ref. |2;] is equivalent to the Pauli equation, the 
latter being the nonrelativistic limit of the Dirac equation. Recently, graphene 
has become the subject of intensive research [3]. Its electronic structure bears 
remarkable analogies with the ultrarelativistic limit of the Dirac equation 
jsl, [gI. Zitterbewegung-like phenomena in graphene were recently studied in 
Refs. 0, 0] . Here we present a unified description for zitterbewegung-like phe- 
nomena in the "nonrelativistic" Rashba and the "ultrarelativistic" graphene 
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cases based on Refs. j^, which indicates an interesting connection between 
these opposite hmiting cases. 

We analyze the generalized 2D Rashba Hamiltonian 

/ 




where /3 is a system-dependent prefactor, p± = p^^ipy, a± = {ax±i<Jy)/2, and 

ax, (Jy denote Pauli spin matrices. The Hamiltonian H^^ is the usual Rashba 
Hamiltonian [3]; for n = 3 we get the Hamiltonian that describes spin splitting 



in heavy- hole systems We omit here the spin- independent kinetic-energy 



term which, in our context, results in a trivial correction [10|. The Hamiltonian 
H^'' is equivalent to the well-known Pauli spin-orbit coupling 12 1. The Pauli 



equation represents the nonrelativistic limit to the Dirac equation. 

Quasi-free electrons in graphene can be described by the effective 2D Hamil- 
tonians 

(0 \ 
• (2) 
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The Hamiltonian H^^^ describes electrons in single- layer graphene 0, [sl; and 



H^"^^ is appropriate for bilayer graphene 13| . Moreover, the Hamiltonian H^^^ 



g 



is equivalent to the ultrarelativistic limit of the 2D Dirac Hamiltonian. It is 
remarkable that all our subsequent results hold for both classes of Hamilto- 
nians, -ffjf'' and H^"'\ which indicates an interesting connection between the 
nonrelativistic and the ultrarelativistic limit of the Dirac equation. From a 
formal point of view, this result reflects the fact that and Hj^"'^ are re- 
lated to each other by a simple unitary transformation. In the following, the 
Hamiltonian is thus simply denoted by H. 

Following Refs. [q], we express the Heisenberg velocity operator for H in 
the form v(t) = v(t) + v(t), where the mean part is v(t) = dH/dp — F, and 
the oscillating part describing the zitterbewegung-like motion reads v(t) = 
Pg-f^(p)*^ Here the amplitude operator F and the frequency operator a)(p) 
are given by 

^ dH npH nH ^ , , 2H 

F = ^r — = (T,e,xp—, uj{p) = —, 3 

ap p'^ ip-^ n 

where is a unit vector perpendicular to the 2D plane. Note that F depends 
explicitly on the index n. The Heisenberg position operator r(t) can be ex- 
pressed in a similar way as T{t) = f(t) + f(t), where f{t) = r + vt + F 

and f(t) = — F ^-^^y-- For the particular case of the Rashba Hamiltonian 
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H = H^^\ our general expression for r(t) agrees with Refs. M [lOj. For single- 
layer graphene, H = it reproduces the results in Ref. [7|, and for bilayer 
graphene, H = H'^\ it agrees with Ref. [sj. 

Explicit evaluation shows that v(t) oscillates with the frequency uj = 2f3p'^/h. 
The oscillations become arbitrarily slow for p — > 0. We obtain an estimate for 
the amplitude of the oscillations from r^{t) = (n/2)^A^, where = h/p is 
the de Broglie wave length. Note that this expression is independent of the 
prefactor f3 and it diverges in the limit p ^ 0. In a similar way, we obtain an 
estimate for the magnitude of the velocity of the oscillatory motion from 

d\t) = (riPp^-'f = {^uXbY . 
The components of v(t) do not commute and we have 

[vAt),Vyit)] = 2z(n/5p"-i)'a,e-^^(P)*, (5a) 



which implies the uncertainty relation 

Av^ Avy > {n(3p''-^y . (5b) 

Thus both the magnitude of the oscillations of \(t) and the minimum uncer- 
tainty for a simultaneous measurement of and Vy are given by the same 



combination of parameters 10 



Zitterbewegung-like phenomena are manifested also by oscillations of the z- 
components of orbital angular momentum Lz{t) = [r{t) xp]^ and (pseudo)spin 
S^it). We get 

L.(t) = L. + 4^(l-e-^^(p)0 , M 



5^(t) = !!^e-^^(p)*. (6b) 



The appearance of the index n in Eq. fl6bp reflects the fact that the 2D 
Hamiltonian H^"^^ describes effective particles with pseudospin 2;-component 
±n/2. Electrons in the linear Rashba model as well as electrons in single-layer 
graphene have pseudospin ±1/2, electrons in bilayer graphene are character- 
ized by a pseudospin ±1, and heavy holes described by the cubic Rashba model 
have pseudospin ±3/2. We note also that for H = Hl^\ Eq. fl6b|l represents the 
well-known spin precession in the effective magnetic field of the Rashba term, 
which has been observed experimentally p^. The time dependence in Eqs. 
( I6al) and ( l6b|) reflects the fact that and 5"^ are not individually conserved. 
However, as expected for models of free quasiparticles, the total angular mo- 
mentum Jz is conserved 

Jz{t) = J, = Lz + Sz , (6c) 
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which reflects the fact that [Jz,H] —0. 

In conclusion, we have presented a unified description of zitterbewegung-like 
phenomena for electron and hole systems showing Rashba spin splitting as 
well as for electrons in single- layer and bilayer graphene. The former class of 
systems can be interpreted as "nonrelativistic" whereas the latter are often 
called "ultrarelativistic" so that our unified description indicates an interesting 
connection between these two opposite limits. 

The authors appreciate stimulating discussions with B. Trauzettel. UZ is sup- 
ported by the Marsden Fund Council from Government funding, administered 
by the Royal Society of New Zealand. 
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